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Abstract

A key notion in the study of network dynamics is that state-space is
connected into basins of attraction. Convergencein attractor basins cor-
relates with order-complexit y-chaos measureson space-time patterns. A
network's \memory", its abilit y to categorize, is provided by the con-
�guration of its separate basins, trees and sub-trees. Based on computer
simulations using the software Discrete Dynamics Lab[19], this paper pro-
vides an overview of recent work describing someof the issues,methods,
measures,results, applications and conjectures.

1 In tro duction

Processesconsistingof concurrent networks of interacting elements which a�ect
each other's state over time are central to a wide range of natural and arti�cial
systemsdrawn from many areas of science;from physics to biology to cogni-
tion; to social and economicorganization; to computation and arti�cial life; to
complex systemsin general. The dynamics of these\decision making" networks
dependson the connectionsand update logic for each element, resulting in com-
plex feedback websthat are di�cult to treat analytically. Understanding these
systemsdependson numerical simulations of idealizedcomputer models known
as discrete dynamical networks.

Cellular automata (CA) area powerful yet simpleclassof network, character-
ized by a homogeneousrule and uniform nearestneighbour connections,provid-
ing models to study processesin physical systemssuch asreaction-di�usion[15],
and self-organization by the emergenceof coherent interacting structures[18].
By contrast, random Boolean networks (RBN) provide models for biological
systemssuch asneural[3] and genetic[11] networks, whereconnectionsand rules
must be lessconstrained. In addition, the idealized networks themselves hold
intrinsic interest as mathematical/ph ysical systems.

A key notion underlying network behavior is that state-spaceis organized
into a number of basinsof attraction, connectingstates according to their tran-
sitions, and summing up the network's global dynamics, analogousto Poincar�e's
\phase portrait" which provided powerful insights in continuous dynamics.
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Figure 1: A basin of attraction (one of 15) of a random Boolean network (n=13,
k=3) shown in �gure 15. The basin links 604 states, of which 523 are garden-of-Eden
states. The attractor period = 7, and one of the attractor states is shown in detail
as a bit pattern. The direction of time is inwards from garden-of-Eden states to the
attractor, then clock-wise.

The quality of dynamical behaviour of CA, from ordered to chaotic1, is
re
ected by convergencein attractor basins,their characteristic in-degree,which
in
uences the length of transients and attractor cycles. The in-degree of a
state is its number of pre-images(predecessors).Bushy subtreeswith high in-
degreeimply high convergenceand order. Sparsely branching subtrees imply
low convergenceand chaos. In the caseof RBN, attractor basinsreveal how the
network is able to hierarchically categorizesstate-spaceinto separate basins,
trees and sub-trees,the network's \memory". Changesto the network's wiring
or rules changethe memory categories,providing insights into learning[17, 20].

Traditionally , network dynamics has beeninvestigated by running networks
forward from many initial states to study space-timephenomenology[15], and
for statistical measureson basins of attraction[8 ]. More recently , exact repre-
sentations of basins of attraction and sub-treeshave becomeaccessible,where
algorithms directly compute the pre-imagesof network states, allowing the net-
work to be run \backwards" to disclose all possible historical paths[16, 17,
21]. Basedon computer simulations using the software Discrete Dynamics Lab
(DDLab)[19], this paper providesan overview of network architecture, the char-
acteristicsof space-timepatterns, the methodsand algorithms for reconstructing
basinsof attraction, and related parameters,measures,results, applications and
conjectures,placing the dynamics along particular tra jectories in the context of
global dynamics.

1The notion of \c haos" is used here by analogy only to its meaning in chaos theory, although
there are many common prop erties, for example sensitivit y to initial conditions.
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2 Net work Arc hitecture

Discrete dynamical networks consist of a set of elements (cells) taking inputs
from each other, and changing their cell-state accordingto somelogical function
on their inputs. The connectivity is usually sparse. The cell-state rangesover
a discrete alphabet, in this paper just a binary alphabet (0 or 1) is considered.
The updating is generallysynchronous, though updating sequentially in a preset
order or partial order is also of interest. A partial order is a sequenceof setsof
cells, where updating within each set is synchronous.

1d. k=0-13. The extra asymmetric cell
in even k is on the right. The wiring is
shown between two time-steps.

2d, k=2-13 (k=0-1 as in 1d). Note that
k=6 and k=7 de�ne an e�ectiv ely trian-
gular grid by changing between odd and
even rows. The classicalvon Neuman and
Moore neighbourhoods are indicated.

3d, k=6-13 (k=0-5 as in 2d), shown look-
ing up into an axonometric cage.

Figure 2: 1d, 2d and 3d neighbourhood
templates de�ned in DDLab. In 2d and
3d, to maximize symmetry, even k does
not include the central target cell.

A CA is a very regular network, sometimesdescribed asan arti�cial universe
with its own physics. Cells take inputs from their nearest (and next nearest)
neighbours (local \wiring") according to a �xed neighbourhood template, so
issuesof network geometry and boundary conditions are crucial. The same
logical rule is applied everywhere. Figure 2 shows neighbourhood templates for
1d, 2d and 3d asapplied in DDLab. An RBN relaxestheseconstraints, allowing
arbitrary \wiring" and rules, as in �gure 3. The number of input wires available
to each cell may alsovary. However, RBN architecture canbebiasedin countless
ways, described in section 4, to constrain wiring or rules and approach CA, for
exampleRBN wiring with a constant rule, or local wiring with mixed rules.

The wiring and rules can be tailored to very speci�c requirements, as in
modelsof neural networks in the cortex[3]. The wiring canbe constrainedwithin
a �xed distancefrom each cell, which confersmeaningto network geometryand
boundary conditions, whereaswith completely arbitrary wiring the geometry
just provides a convenient way of representing the network. A rule mix can
be constrained to sample just a few rules or rules with a particular bias, as in
genetic network models[5].
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Figure 3: Network wiring. left: 1d, k=3,
the wiring is shown between two time-
steps. centre: 2d, k=5. right: 3d, k=7.
In RBN, cells anywhere in the network are
wired back to each position in the \pseudo-
neighbourhood".

Hybrid networks can be constructed by putting an RBN within a CA or
vice-versa. Networks of networks can be set up, with weak interactions so they
perturb each other's dynamics. The functionalit y for setting up networks in
theseways is present in DDLab.

The network parameterscan be listed as follows:

size: The system size n, the number of cells in the network.

connectivit y: The number of input wires per cell k, or the k-mix if the connectivit y
is not homogeneous.The connectivit y is usually sparse,i.e. k � n.

neigh bourho od: The neighbourhood template for CA, or the pseudo-neighbourhood
for RBN, as in �gure 2.

wiring: For RBN, how each cell is wired relativ e to its pseudo-neighbourhood.

rule: The rule for CA, or the rule schemeschemefor RBN. Rules are generally de�ned
as look-up tables.

up dating: The updating, usually synchronous. Alternativ ely sequential according to
a de�ned order or partial-order.

geometry: The underlying geometry and boundary conditions, 1d, 2d, 3d, orthog-
onal or triangular, or some other geometry, for example a hypercube. This is
essentially a function of the the neighbourhood template and wiring scheme.
The geometry for graphically representing the network may not necessarilycor-
respond to the underlying geometry.

A CA neighborhood, or RBN pseudo-neighborhood, of size k has 2k per-
mutations of values. The most general expression of the Boolean function
or rule is a lookup table (the rule-table) with 2k entries, giving 22k

possible
rules. Sub-categoriesof rules can alsobe expressedassimple algorithms, concise
AND/OR/NOT logical statements (which could be implemented ascombinato-
rial circuits), totalistic rules[14] or threshold functions.
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By convention[14] the rule table is arrangedin descendingorder of the values
of neighborhoods, and the resulting bit string converts to a decimal or hexadec-
imal rule number. For example the k=3 rule-table for rule 30,

7 6 5 4 3 2 1 0 . . . neighbourhoods, decimal
111 110 101 100 011 010 001 000 . . . neighbourhoods, binary
0 0 0 1 1 1 1 0 . . . outputs, the rule table

The rule-table for other k valuesare set out in a corresponding way. k � 4
rules are referred to by their hexadecimalrule numbers. k � 3 rules are usually
referred to by their more familiar decimal rule numbers.

For a given geometry, the behaviour spaceof CA dependson the sizeof rule-
space,22k

, though rule symmetriese�ectiv ely reducethis number. For example,
the 223

= 256rules in k = 3 rule-spacereduceto 88 equivalenceclasses[16]. The
behaviour spaceof RBN is much greater, taking into account possiblepermu-
tations of wiring and rule schemes,but there are also RBN equivalenceclasses
relating to thesepermutations[10]. In general,the number of e�ectiv ely di�eren t
RBN of sizen cannot exceed(2n )(2 n ) (seesection 9).

3 Tra jectories and space-time patterns

A state of a discrete dynamical network is the pattern of 0s and 1s at a given
time-step. A tra jectory is the sequenceof states at successive time-steps, the
systems local dynamics. Examples of 1d, 2d and 3d space-time patterns are
shown in �gures 4, 5 and 6. A time axis is only possible in representations of
1d or 2d systems. As well as showing cells as white(0) or black(1), an alter-
native presentation shows cells in colors (or shades)according to their look-up
neighbourhood (�gure 4). This allows the most frequently occurring colors to
be progressively �ltered to show up gliders and other space-timestructures as
in �gure 5, which can be done interactively, on-the-
y , in DDLab for any CA.
This is an alternativ e method to the \computational mechanics" approach[4].

Figure 4: Space-time patterns of a CA (n=24, k = 3, rule 90). 24 time-steps from
an initial state with a single central 1. Two alternativ e presentations are shown. Lef t :
cells by value, white=0 black=1. Right : cells colored (or shaded) according to their
look-up neighbourhood. This allows �ltering, and improves the clarit y of space-time
patterns in 2d and 3d.
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Figure 5: Space-timepatterns of the k=3 rule 54 (n=150) from the sameinitial state
showing interacting gliders, which are embedded in a complicated background. Lef t :
cells by value. Right : cells by neighbourhood lookup, with the background �ltered.

(a) 2d 100x100 triangular grid (b) 2d 56x56 +time (c) 3d 20x20x20

Figure 6: Examples of 2d and 3d CA spacepatterns. (a) is an evolved time-step of
a 2d CA on a k=7 triangular lattice with a reaction-di�usion rule. (b) is the 2d game-
of-Life on a 56x56 grid, but with a time dimension added, similar to a 1d space-time
pattern. The initial state is set with a number of gliders. (c) is a time-step of a 3d
k=7 CA with a randomly selectedrule and starting from a single central 1.

3.1 Glider dynamics in CA

A large body of literature is devoted the study space-time patterns in CA.
\Glider" or particle dynamics, where coherent con�gurations emergeand inter-
act, provide a striking instance of self-organization in a simple system. Such
dynamics are classi�ed as complex, in contrast to ordered or chaotic[14], a well
know example being Conway's 2d \game-of-Life"[1]. Becauseglider dynamics
is relatively rare in CA rule spaces,much study has focusedon the few known
complex rules in 1d CA. However, an unlimited source of examples are now
available, found by the methods described in sections3.2 - 3.3.

Gliders are embeddedwithin a uniform or periodic background or domain,
and propagate at various velocities up the system's speed of light set by the
neighbourhood diameter. Gliders are interpreted as dislocation in the back-
ground or as the boundary reconciling two di�eren t backgrounds[4, 18]. Gliders
may absorbed or eject sub-gliders(glider-guns). Compound gliders may emerge
madeup of sub-glidersre-colliding periodically. Figure 7 shows someexamples.
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Glider dynamics has been interpreted as occurring at a phase transition
in rule-spacebetween order and chaos [9], relative to the rule parameters � [9]
and Z [16] (see section 6.2). Input-entropy provides a measureon space-time
dynamics that allows the automatic classi�cation of rule-space(seebelow).

(a)7e8696de (b)89ed7106 (c)89ed7106 (d)b51e9ce8 (e)b51e9ce8

Figure 7: Gliders, glider gunsand compound gliders in k=5 1d CA. (c) is a compound
glider made up of two independent gliders locked into a cycle of repeating collisions.
(d) is a glider with a period of 106 time-steps. (e) is a compound glider-gun.

3.2 Input entrop y

Keeping track of the frequencyof rule-table look-ups (the k-block frequency, or
\lo ok-up frequency") in a window of time-steps, provides a measure,the vari-
anceof input-entropy over time, which is usedto classify 1d CA automatically
for a spectrum of ordered, complex and chaotic dynamics[22]. The method al-
lowsscreeningout rules that support glider dynamicsand related complexrules,
giving an unlimited sourcefor further study. The method also shows the dis-
tribution of rule classesin the rule-spacesof varying neighbourhood sizes.The
classi�cation produced seemsto correspond to our subjective view of space-
time dynamics, and to global measureson the \bushiness" of typical sub-trees
in attractor basins, characterized by the distribution of in-degreesizesin their
branching structure.

The look-up frequency can be represented by a histogram (�gure 8) which
distributes the total of n � w lookups among the 2k neighbourhoods (shown
as the fraction of total lookups), where n=system size,w=the window of time-
stepsde�ned and k=neighbourhood size. The Shannonentropy of this frequency
distribution, the \input-en tropy" S, at time-step t, for one time-step (w=1), is

given by, St = �
P 2k

i =1

�
Q t

i
n � log

�
Q t

i
n

� �
, where Qt

i is the look-up frequency of

neighbourhood i at time t. In practice the measuresare smoothed by being
taken over a moving window of time-steps (w=10 in �gure 8).

Figure 8 shows typical examplesof ordered, complex and chaotic dynamics
in 1d CA, with input-entropy plots and a snapshot of the lookup frequency
histogram alongside. In ordered dynamics the entropy quickly settles at a low
value with low or zero variance. In chaotic dynamics the entropy settles at a
high value, but again with low variance. Both ordered and chaotic dynamics
have low input-entropy variance. By contrast, in complex dynamics the entropy
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Figure 8: Typical 1d CA Space-time patterns showing ordered, complex and chaotic
dynamics (n=150, k=5,rule numbersshown in hex). Alongside each space-timepattern
is a plot of the input-en tropy, where only complex dynamics (centr e) exhibits high
variance becauseglider collisions make new gliders.


uctuates erratically both up and down for an extended time, becauseglider
collisions produce new gliders, often via a temporary zoneof chaotic dynamics.
Complex rules can be recognizedby eye, subjectively. Input-entropy variance
provides a non-subjective measurefor recognizingcomplex rules automatically.

A related method of visualizing the entropy-varianceis to plot input-entropy
against the density of 1s relative to a moving window of time-steps. Each rule
producesa characteristic cloud of points which lie within a parabolic envelope
becausehigh entropy is most probable at medium density, low entropy at either
low or high density. Each complex rule producesa plot with its own distinctiv e
signature, with high input-entropy variance. Chaotic rules, on the other hand,
will give a 
at, compact cloud at high entropy (at the top of the parabola). For
orderedrules the entropy rapidly falls o� with very few data points becausethe
system movesrapidly to an attractor.
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Figure 9: Entropy-density scatter plot. Input-
entropy is plotted against the density of 1srelativ e
to a moving window of time-steps w=10. k=5,
n=150. Plots for a number of complex rules from
the automatic sample (section 3.3) are show su-
perimposed,each of which has its own distinctiv e
signature, with a marked vertical extent, i.e. high
input-en tropy variance. Ab out 1000 time-steps
are plotted from several random initial states for
each rule.

3.3 Automatically classifying rule-space

Figure 10: lef t : Clas-
sifying a random sam-
ple of k=5 rules by plot-
ting mean entropy against
standard deviation of the
entropy, with the fre-
quency of rules within a
128x128 grid shown verti-
cally. below: Equivalent
plots for samples of k=6
and 7 rules.

To distinguish ordered, complex and chaotic rules automatically, the mean
input-entropy taken over a span of time-steps is plotted against the standard
deviation of the input entropy. Figure 10 summarizeshow random samplesof
k=5, 6 an 7 rules where classi�ed by this method. For each rule, the data was
gatheredfrom 5 runs from random initial states, for 430time-steps, discounting
the �rst 30 to allow the system to settle, with w=5 as the size of the moving
window of time-steps.

Chaotic rules are concentrated in the top left corner "to wer", ordered rules
on the left with lower entropy. Complex rules have higher standard deviation,
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and are spread out towards the right. There is a fairly distinct boundary be-
tween ordered and chaotic rules, but a gradual transition from both towards
the complex rules. As the standard deviation decreasesglider interactions ei-
ther becomemore frequent, transients longer, tending towards chaos, or less
frequent, transients shorter, tending towards order. The plots for k=6 and k=7
rules indicate a greater frequencyof chaotic rules at the expenseof orderedand
complex rules for greater k. The decreasein ordered rules is especially marked.

To check whether the expected dynamics (recognized subjectively) corre-
sponds to the measuresas plotted, the dynamics of particular rules at di�eren t
positions on the plots can be easily examined in DDLab, for example with a
mouseclick on the scatter plot. Preliminary scanscon�rm that the expected
behaviour is indeed found, but further investigation is required to properly de-
marcate the spacebetweenordered, complex and chaotic rules and to estimate
the proportion of di�eren t rule classesfor di�eren t k.

Input entropy is a local measureon the space-timepatterns of typical tra-
jectories. The distribution of the rule samplesaccordingto theselocal measures
may be comparedwith global measureson convergencein attractor basins, G-
density and the in-degreefrequency, described in section 8. Preliminary results
indicate a strong relationship betweentheseglobal measuresand the rule sample
input-entropy plots.

4 RBN space-time patterns

Figure 11: Space-time patterns for intermediate 1d architecture, from CA to RBN.
n=150, k=5, 150 time-steps from a random initial state. (a) Starting o� as a complex
CA (rule 6c1e53a8as in �gure 8), 4% (30/750) of available wires are randomized at
30 time-step intervals. The coherent pattern is progressively degraded. (b) A network
with local wiring but mixed rules, vertical features are evident. (c) RBN, random
wiring and mixed rules, with no bias, shows maximal chaotic dynamics.

In contrast to CA, glider dynamics in generalcannot occur in RBN becauseof
their irregular architecture. Figure 11 (left) shows glider dynamics degrading
as local wiring is progressively scrambled. An alternativ e order-chaosnotion in
RBN is the balancebetween\frozen", stabilized, regionsand changing regions
in the space-time pattern[8]. Stable regions are characteristic of RBN with
low connectivity, k � 3, becauserules which induce stabilit y are relatively
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frequent in theserule-spaces.To induce stabilit y for k � 4, where chaotic rules
becomeoverwhelmingly predominant, biaseson rules must be imposed, low �
(seesection 6.2) or a high proportion of \canalizing" inputs. In a rule's lookup
table, an input wire is canalizing if a particular input (0 or 1) determines, by
itself, the neighbourhood's output. A rule's degreeof canalization can be from
0 to k, for the sameoutput; for the network it is the percentage of all inputs
that are canalizing, C. An RBN's order-chaos characteristics, for varying C,
are captured by the measuresillustrated in �gure 12, and described below.

Figure 12: Order-chaos measures for a RBN
36 � 36, k = 5. C = the percentage of canaliz-
ing inputs in the randomly biased network. top
left: frozen elements that have stabilized for 20
time-steps are shown, 0s-green, 1s red, otherwise
white, for C=25% and 52%. top right : the log-
log \damage spread" histogram for C=52%, sample
size about 1000. left: the Derrida plot for C=0%,
25%, 52%, and 75%, for 1 time-step, H t =0-0.3, in-
terval = 5, sample for each H t = 25.

The \Derrida plot"[2 ], is analogousto the Liaponov exponent in continu-
ous dynamics, and measuresthe divergenceof tra jectories basedon normalized
Hamming distance H , the fraction of bits that di�er between two patterns.
Pairs of random states separatedby H t , are independently iterated forward by
one (or more) time-steps. For a sample of random pairs, the averageH t +1 is
plotted against H t , and the plot is repeated for increasingH t (from 0 to 0.3 in
�gure 12). A curve above the main diagonal indicates divergent tra jectoriesand
chaos,below - convergenceand order. A curve tangential to the main diagonal
indicates a balance.

A related measureis the distribution of \damage spread" resulting from a
singlebit changeat a random position in a random state, for a sampleof random
states. The sizeof damageis measuredonce it has stabilized, i.e. not changed
for say 5 time-steps. A histogram (�gure 12) is plotted of damagesizeagainst
the frequencyof sizes. Its shape indicates order or chaosin the network, where
a balance between order and chaos approximates to a power law distribution.
Results by thesemeasuresfor k = 5, indicate a balanceat C = 52% (see�gure
12). There are further measureson basinsof attraction as in �gure 14.

These methods are applied in the context of RBN models of genetic reg-
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ulatory networks[8] discussedin section 10. The conjecture is that evolution
maintains genetic regulatory networks marginally on the ordered side of the
order-chaos boundary to achieve stabilit y and adaptabilit y in the pattern of
geneexpressionwhich de�nes the cell type[5].

5 Basins of A ttraction

For a network size n, an example of one of its states B might be
1010: : : 0110. State-space is made up of all 2n states, the space of
all possible bitstrings or patterns.

Part of a tr ajectory in state-space, where C is a successorof B , and
A is a pre-image of B , according to the dynamics of the network.

The state B may have other pre-images besidesA , the total is the
in-degree. The pre-image states may have their own pre-images
or none. States without pre-images are known as garden-of-Eden
states.

Any tra jectory must sooner or later encounter a state that occurred
previously - it has entered an attractor cycle. The tra jectory lead-
ing to the attractor a tr ansient . The period of the attractor is the
number of states in its cycle, which may be only just one - a point
attractor.

Take a state on the attractor, �nd its pre-images (excluding the
pre-image on the attractor). Now �nd the pre-images of each pre-
image, and so on, until all garden-of-Eden states are reached. The
graph of link ed states is a tr ansient tr ee rooted on the attractor
state. Part of the transien t tree is a subtree de�ned by its root.

Construct each transien t tree (if any) from each attractor state.
The complete graph is the basin of attr action . Some basins of
attraction have no transien t trees, just the bare \attractor".

Now �nd every attractor cycle in state-space and construct its
basin of attraction. This is the basin of attr action �eld containing
all 2n states in state-space, but now link ed according to the dy-
namics of the network. Each discrete dynamical network imp oses
a particular basin of attraction �eld on state-space.

Figure 13: State spaceand basins of attraction.

The idea of basins of attraction in discrete dynamical networks is summarized
in �gure 13. Given invariant network architecture and the absenceof noise, a
discrete dynamical network is deterministic, and follows a unique (though in
general, unpredictable) tra jectory from any initial state. When a state that
occurred previously is re-visited, which must happen in a �nite state-space,
the dynamics becomestrapp ed in a perpetual cycle of repetitions de�ning the
attractor (state cycle) and its period (minimum one, a stable point).

These systems are dissipative. A state may have multiple \pre-images"

12



(predecessors),or none, but just one successor. The number of pre-images
is the state's \in-degree". In-degreesgreater than one require that transient
states exist outside the attractor. Tracing connectionsbackwards to successive
pre-imagesof transient stateswill revealsa tree-like topology wherethe \leaves"
are stateswithout pre-images,known asgarden-of-Edenstates. Conversely, the

o w in state-spaceis convergent. Measuresof convergenceare G-density, the
fraction of states that are garden-of-Eden, and the distribution of in-degrees,
described in section 8. The set of transient trees rooted on the attractor is its
basin of attraction (�gure 1). The local dynamics connectsstate-spaceinto a
number of basins, the basin of attraction �eld, representing the systemsglobal
dynamics (�gure 15).

6 Computing Pre-images

Figure 14: Statistical data on attractor basins for a large network; a 2d RBN 20� 20,
k=5, with fully random wiring and a fraction of canalizing inputs C=50%. The his-
togram shows attractor types and the frequency of reaching each type from 12,360
random initial states, sorted by frequency. 46 di�eren t attractors types where found,
their periods ranging from 4 to 102, with average transient length from 21 to 113
time-steps. The frequency of arriving at each attractor type indicates the relativ e size
of the basin of attraction.

Attractor basinsare constructed with algorithms that directly compute the
pre-imagesof network states[16, 17, 21]. This allows the network's dynamics,
in e�ect, to be run backwards in time. Backward tra jectories will, as a rule,
diverge. Di�eren t reverse algorithms apply to networks with di�eren t sorts
of connectivity. The most computationally e�cien t algorithm applies to 1d
networks with local wiring, taking advantage of the regularity of connections.
The wiring must be uniform, as for 1d CA, but the network may have a mix of
rules. Analogousalgorithms could be derived for 2d and 3d networks, but have
not beenimplemented. An alternativ e algorithm is required for RBN with their
non-local connectionsand possibly mixed k. This algorithm also applies to CA
of any dimension or geometry, as CA are just a sub-classof RBN.

Provided k << n, these methods are in general orders of magnitude faster
than the brute force method (section 9.1), constructing an exhaustive map re-
sulting from network dynamics, a method which rapidly becomesintractable
with increasingnetwork sizeand so is limited to very small systems. However,
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the exhaustive method may be applied to all typesof network, and also allows
the attractor basinsof random maps to be constructed, as described in section
9. The agreement of these three independent methods, and other checks, give
considerablecon�dence in the accuracyof the pre-imagecomputations.

Somebasic information on attractor basin structure can be found by statis-
tical methods, �rst applied by Walker[13], as shown in �gure 14. Theseare also
implemented in DDLab and are appropriate for large networks. Trajectoriesare
run forward from many random initial states looking for a repeat in the network
pattern to identify the rangeof attractor typesreached. The frequencyof reach-
ing a given attractor type indicates the relative sizeof the basin of attraction,
and other data are extracted such as the number of basins, and the length of
transients and attractor cycles.

Figure 15: The basin of attraction �eld of a random Boolean
network (n=13, k=3). The 213 = 8192 states in state space
are organized into 15 basins, with attractor periods ranging
between 1 and 7. The number of states in each basin is: 68,
984, 784, 1300, 264, 76, 316, 120, 64, 120, 256, 2724, 604, 84,
428. Figure 1 shows the arrowed basin in more detail. Right:
the network's architecture, its wiring/rule scheme.

cell wiring rule

12 10,1,7 86
11 6,2,9 4
10 10,10,12 196
9 2,10,4 52
8 5,6,8 234
7 12,5,12 100
6 1,9,0 6
5 5,7,5 100
4 4,11,7 6
3 8,12,12 94
2 11,6,12 74
1 6,5,9 214
0 12,9,6 188

6.1 The CA rev erse algorithm

Considera 1d CA sizen (indexed n � 1 : : : 0) and neighbourhood k. To �nd the
all pre-imagesof a state A, let P be a \partial pre-image" where at least k � 1
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continuous bits (on the left) up to and including Pi , are known. Now �nd the
next unknown bit to the right, Pi � 1, consistent with the rule-table. (� indicates
known, ? unknown, bits),

Pi +1 Pi Pi � 1

. . . partial pre-image P . . . � � ? compare the outputs of Pi +1 ; Pi ; ?
� with each other and with A i

. . . known state A . . . A i

If k = 3 (for example), the bitstring Pi +1 ; Pi ; ? corresponds to two neigh-
bourhood entries in the rule-table. When their outputs, T1 and T2, are com-
pared with each other and with A i there are three possibleconsequences.The
permutation is either deterministic, ambiguous or forbidden.

1. deterministic: if T1 6= T2, then Pi � 1 is uniquely determined, as there is
only one valid neighbourhood with the output A i .

2. ambiguous: if T1 = T2 = A i , then both 0 and 1 are valid solutions for
Pi � 1. The partial pre-image must be duplicated, with Pi � 1 = 0 in one
version and Pi � 1 = 1 in the other.

3. forbidden: if (T1 = T2) 6= A i , then Pi � 1 has no valid solution.

If forbidden (3) the partial pre-imageP is rejected. If deterministic or am-
biguous (1 or 2) the procedureis continued to �nd the next unknown bit to the
right. However, in the ambiguous case(2), both alternativ e partial pre-images
must be continued. In practice one is assignedto a stack of partial pre-images
to be continued at a later stage. As the procedure is re-applied to determine
each successive unknown bit towards the right, each incidence of ambiguous
permutations will require another partial pre-image to be added to the stack.
Various re�nements can limit this growth.

The procedureis continued to the right to overlap the assumedstart string,
to check if periodic boundary conditions are satis�ed; if so the the pre-imageis
valid. The procedureis re-applied to each partial pre-imagetaken from the par-
tial pre-imagestack, starting at the �rst unknown cell. Each time an ambiguous
permutation (2) occursa new partial pre-imagemust be addedto the stack, but
the stack will eventually be exhausted,at which point all the valid pre-images
containing the assumedstart string will have been found. The procedure is
applied for 2k � 1 start strings, assumingthe di�eren t possiblevaluesof the �rst
k � 1 bits. The reversealgorithm is applied from left to right in DDLab, but is
equally valid when applied from right to left. Examples are given in [16, 21].

6.2 The Z parameter

A by product of the CA reversealgorithm is the probabilit y of the next unknown
bit being deterministic (section 6.1(1)). Two versionsof this probabilit y are
calculated from the rule-table. Z lef t for the reverse algorithm applied from
left to right, and Z r ig ht for the converse. The Z parameter is the greater of
these values. For Z =1 it can be shown[16] that for any system size n, the
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maximum in-degree, I max � 2k � 1, becausethe next unknown bit is always
uniquely determined, so the assumedstart string of length k � 1 may generate
at most 2k � 1 pre-images.If only oneof Z lef t or Z r ig ht =1, I max < 2k � 1, because
at least one assumedstart string must be forbidden (section 6.1(3)). At the
other extreme, for Z =0, all state spaceconvergeson the state all-0s or all-1s in
one step. For high Z , low in-degree(relativ e to system size n) is expected in
attractor basins, growing at a slow rate with respect to n. Conversely, for low
Z , high relative in-degreeis expectedgrowing quickly with respect to n. High Z
predicts low convergenceand chaos,low Z predicts high convergenceand order.

The 2k neighborhoods of sizek, each indexedk � 1 : : : 0, each have an output
T (0 or 1) which makesup the rule-table (section 2), and may be expressedas
ak � 1; ak � 2; : : : a1; a0 ! T . To calculate Z lef t from the rule table, let nk be the
count of rule-table entries belonging to deterministic pairs, such that,

ak � 1; ak � 2; : : : a1; 0 ! T and ak � 1; ak � 2; : : : a1; 1 ! T (not T)
The probabilit y that the next bit is determined becauseof the above is given

by, Rk = nk =2k . This is a �rst approximation of Z lef t .
Let nk � 1 be the count of rule-table entries belongingto deterministic 4-tuples

(where \ ?" may be 0 or 1), such that,
ak � 1; ak � 2; : : : a2; 0; ? ! T and ak � 1; ak � 2; : : : a2; 1; ? ! T
The probabilit y that the next bit is determined becauseof the above is given

by, Rk � 1 = nk � 1=2k . This count is repeated if necessaryfor deterministic
8-tuples where Rk � 2 = nk � 2=2k , 16-tuples, 32-tuples, : : : up to the special
caseof just one 2k -tuple which occupies the whole rule-table. These are are
independent non-exclusive probabilities that the next bit is determined. The
union of the probabilities Rk [ Rk � 1 [ Rk � 2 : : : = Z lef t , is given by the following
expression(the order of the probabilities makesno di�erence to the result),

Z lef t = Rk + Rk � 1(1 � Rk ) + Rk � 2(1 � Rk + Rk � 1(1 � Rk ))) + Rk � 3(1 �
(Rk � 2(1 � Rk + Rk � 1(1 � Rk ))))) + � � � which simpli�es to,

Z lef t = Rk + Rk � 1(1 � Rk ) + Rk � 2(1 � Rk � 1)(1 � Rk ) + Rk � 3(1 � Rk � 2)(1 �
Rk � 1)(1 � Rk ) + � � �

and may be expressedas2 Z lef t = Rk +
P k � 1

i =1 Rk � 1

� Q k
j = k � i +1 (1 � Rj )

�

where Ri = n i =2k , and n i = the count of rule-table entries belonging to de-
terministic 2k � i -tuples. A converseproceduregivesZ r ig ht , and the Z parameter
= the greater of Z lef t and Z r ig ht . Examples are given in [16, 21].

By virtue of being a convergenceparameter, Z is also an order-chaos pa-
rameter varying from 0(order) - 1(chaos). Z can be comparedwith Langton's[9]
well known � parameter3. � is an order-chaos parameter for CA which may
have values greater than binary, and measuresthe density of \non-quiescent"
outputs in a rule-table, so for just binary CA, � = c=2k where c=the count of

2Acknowledgment and thanks to Guillaume Barreau and Phil Husbands at COGS, Univ.
of Sussex, for deriving this expression.

3Other versions of binary � are \in ternal homogeneity" intro duced earlier by Walker[13],
and the P parameter, applied for RBN, which varies between 0.5(chaos)-1(order). P =
cmax =2k where cmax is the count of 0s or 1s in the rule-table, whichever is mor e, P =
1 � � r atio =2. A number of alternativ e order-chaos parameters have also recently been pro-
posed, for example by Mart y Zwick and Burton Voorhees.
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1s a rule-table on k inputs. � varies between 0(order)-0.5(chaos)-1(order). To
allow Z and � to be compared,a normalized version of binary � is de�ned[16],
� r atio = 2 � cmin =2k where cmin is the count of 0s or 1s in the rule-table,
whichever is less. � r atio then varies from 0(order)-1(chaos) just as Z .

Plots of G-density against both the � r atio and Z parameters, showing the
discrepanciesas well as similarities, are shown in �gure 16, for the 256 k=7
totalistic rules, which reduceto 136 non-equivalent rules in 72 clusters (having
equal � r atio and Z ). Points plotted in the top right corner of the � r atio graph
represent � r atio values that do not correspond to behaviour as expected.

Figure 16: G-density against
both � r atio and Z for the set
of k=7 totalistic rules, n=16,
for Z � 0:25. The complete
basin of attraction �eld wasgen-
erated for each rule and garden-
of-Eden states counted.

6.3 The RBN rev erse algorithm

Figure 17: Computing RBN pre-images.
The changing size of a typical partial pre-
image stack at successive elements. n=24,
k=3.

Consider an RBN of size n. Find all pre-imagesof a state A, (An � 1; An � 2;
: : : ; A0). Each network element A i , has a pseudo-neighbourhood size ki (as-
suming a mixed k network), indexed ki � 1; ki � 2; : : : ; 0, a wiring schemeWi ,
(wk i � 1; wk i � 2; : : : ; w0), wherewj is a number betweenn � 1 and 0, the position
of the wire connection from the j th branch of the pseudo-neighbourhood, and
a rule-table Ri .

To �nd the all pre-imagesof A, let P, (Pn � 1; Pn � 2; : : : ; P0), be a candidate
pre-image consisting of empty network elements, as yet unassignedto either
0 or 1. Starting with an element of A, A i , assign bits from all valid pseudo-
neighbourhoods in the rule-table R i , i.e. that are consistent with A i , to separate
copiesof P according to the wiring scheme Wi . As there will be a mix of 0s
and 1sin Ri , only someof the 2k i possiblepseudo-neighbourhoods will be valid.
This will produce a stack of \partial pre-images" with somebits allocated and
the remainder empty.

Now repeat the procedurefor another element of A, say A i � 1, but this time
independently for each partial pre-imagepreviously created. If the allocation of
a bit to a given partial pre-image con
icts with the bit already assigned,then
the partial pre-image is rejected. Otherwise, the partial pre-image is added to
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the next generation of partial pre-imagesin a new stack. The allocation will
be valid if it is made to an \empt y" element, or to an allocated element with
an equal bit. Valid allocation increasesthe sizeof the partial pre-imagestack,
con
icts reducethe sizeof the stack.

This procedureis repeated in turn for the remaining network elements of A.
If the stack sizeis reducedto zero at any stageA has no pre-images.The algo-
rithm works for any ordering of elements in A, though to minimizes the growth
of the partial pre-imagestack, the order should correspond to the greatestover-
lap of wiring schemes.The changing sizeof the stack at successive elements can
be displayed in DDLab, an example is shown in �gure 17. When the procedure
is complete, the �nal pre-image stack may still have empty network elements,
which did not �gure in any wiring scheme. Theseare duplicated so that all pos-
sible con�gurations at empty element positions are represented. The resulting
pre-imagestack is the complete set of pre-imagesof A without duplication.

The reversealgorithm for RBN works for networks with any degreeof in-
termediate architecture betweenRBN and CA, including CA of any dimension.
More detailed explanations of the algorithm are given in [17, 21].

7 Constructing and portra ying attractor basins

To construct a basin of attraction containing a particular state, the network
is iterated forward from the state until a repeat is found and the attractor
identi�ed. The transient tree (if it exists) rooted on each attractor state is
constructed in turn. Using one of the reverse algorithms, the pre-imagesof
the attractor state are computed, ignoring the pre-imagelying on the attractor
itself. Then the pre-imagesof pre-imagesare computed, until all \garden-of-
Eden" states have beenreached.

In a similar way, just a subtree may be constructed rooted on a state. Be-
causea state chosenat random is very likely to be a garden-of-Edenstate, it
is usually necessaryto run the network forward by at least one time-step, and
use the state reached as the subtree root. Running forward by more stepswill
reach a state deeper in the subtree so allow a larger subtree to be constructed.

For CA, a considerablespeedup in computation is achieved by taking ad-
vantage of \rotational symmetry"[16], a property of the regularity of CA and
periodic boundary conditions, resulting in equivalent subtreesand basins.

Attractor basins are portrayed as state transition graphs, vertices (nodes)
connected by directed edges. States are represented by nodes, by a bit pat-
tern in 1d or 2d, or as the decimal or hex value of the state. In the graphic
convention[16, 19], the length of edgesdecreaseswith distanceaway from the at-
tractor, and the diameter of the attractor cycle approachesan upper limit with
increasingperiod. The direction of edges(i.e. time) is inward from garden-of-
Eden states to the attractor, and then clockwise around the attractor cycle, as
shown in �gure 1. Typically, the vast majorit y of states in a basin of attraction
lie on transient treesoutside the attractor, and the vast majorit y of thesestates
are garden-of-Edenstates.
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8 A ttractor basin measures

Figure 18: The G-density plotted
against system size n, for the ordered,
complex and chaotic rules shown in �g-
ures 8 and 19. The the entire basin of
attraction �eld was plotted for n= 7 to
22, and garden-of-Eden states counted.
The relativ e G-density and rate of in-
crease with n provides a simple mea-
sure of convergence.

Measureson attractor basinsinclude the number of attractors, attractor pe-
riods, size of basins, characteristic length of transients and the characteristic
branching within trees. The last in particular givesa good measureof the con-
vergenceof the dynamical 
o w in state-space,wherehigh convergenceindicates
ordered, and low convergenceindicates chaotic dynamics.

The simplest measurethat captures the degreeof convergenceis the density
of garden-of-Edenstates[18], G-density, counted in attractor basinsor sub-trees,
and the rate of increaseof G-density with n as shown in �gure 18. A more
comprehensive measure is the in-degree frequency distribution, plotted as a
histogram. The in-degreeof a state is the number of its immediate pre-images.
This can be taken on a basin of attraction �eld, a single basin, a subtrees,or
on just part of a subtree for larger systems. Subtreesare portrayed as graphs
showing tra jectories merging onto the sub-tree root state.

Examples of in-degreehistograms for typical sub-treesof ordered, complex,
and chaotic rulesareshown in �gure 19. The horizontal axis represents in-degree
size,from zero(garden-of-Edenstates) upwards, the vertical axis represents the
frequency of the di�eren t in-degrees. The system size n=50 for the complex
and chaotic rules. For very ordered rules in-degreesbecomeastronomical. The
ordered rule shown is only moderately ordered, however the system size was
reducedto n=40 to allow easiercomputation.

From the preliminary data gathered so far, the pro�le of the in-degreehis-
togram for di�eren t classesof rule is as follows:

Ordered rules: Very high garden-of-Eden frequency and signi�can t fre-
quency of high in-degrees.High convergence.

Complex rules: Approximates a power law distribution. Medium conver-
gence.

Chaotic rules: Lower garden-of-Eden frequency compared to complex
rules, and a higher frequencyof low in degrees.Low convergence.
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Ordered dynamics. Rule 01dc3610, n=40, Z =0.5625,
� r atio =0.668. right: The complete sub-tree 7 levels deep,
with 58153 nodes, G-density=0.931.

Complex dynamics. Rule 6c1e53a8, n=50, Z =0.727,
� r atio =0.938. right: The sub-tree, stopped after 12 levels,
with 144876 nodes, G-density=0.692.

Chaotic dynamics. Rule 994a6a65, n=50, Z =0.938,
� r atio =0.938. right: The sub-tree, stopped after about 75
levels, with 9446 nodes, G-density=0.487.

Figure 19: Ordered - Complex - Chaotic CA dynamics.
The space-time patterns of the rules are shown in �gure
8. The in-degree histogram of a typical sub-tree shown
in normal and log-log form.

9 Random Maps

The attractor basins of discrete dynamical networks can be put into the wider
context of random graph theory. CA belong to the set of RBN which in turn
belong to the set of random directed graphs with out degreeone, known as
random maps. This is a mapping of the Boolean hypercube of sequencesof
length n (i.e. a set Qn

2 of size 2n comprising all binary strings of length n), a
mapping from Qn

2 ! Qn
2 . The structures found in random maps correspond

to those in the attractor basins of discrete dynamical networks, where each
separatecomponent of the graph is made up of trees rooted on just one closed
cycle. The structures can be computed in DDLab just as the attractor basins
of CA or RBN.
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Figure 20: The basin of attraction �eld of a typical unbiased random map, n=12.
The 212 = 4096 states in state spaceare connected into 9 basins of attraction. The
period (p) and size (s) of the biggest three (top row), including their percentage of
state-space, are as follows: (1) p=118 s=3204=78.2%. (2) p=20 s=599=14.6%. (3)
p=32 s=194=4.74%. The �eld's G-density=0.37, this is a low value implying chaotic
dynamics.

A random map can be constructed by assigninga successorto each state in
state-space,i.e. independently assignonesuccessor(or image) V� alsobelonging
to Qn

2 , chosenat random (or with somebias) to each element Vi of the set Qn
2 .

There are (2n )(2 n ) possible mappings. The mapping is represented below as
2n pairs of strings (or states in state-space),where each image V� represents a
possibly di�eren t member of the set Qn

2 .

V2n � 1 V2n � 2 : : : Vi : : : V2 V1 V0

# # # # # #
V� V� : : : V� : : : V� V� V�

The list of imagesis likely to contain repeats, and if sosomeother members
of Qn

2 must be missing from the list. Transitions to some arbitrary element
Vx may thus be one-to-one or many-to-one, or may not exist. The latter is
a garden-of-Edenstate in the terminology of discrete dynamical networks. A
representation of the particular mapping may be drawn as a basin of attraction
�eld or fragment thereof just as for CA or RBN, and will have the samegeneral
topology of trees rooted on attractor cycles,as shown in �gure 20.

Random maps provide the most general context for a discrete dynamical
system and are equivalent to a fully connectedRBN where k = n, (the neigh-
bourhood = the network size). This follows becauseeach cell in the RBN can
be assignedan arbitrary output for any network state.
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9.1 The Random Map Reverse Algorithm

The \brute force" reversealgorithm for �nding the pre-imagesof states in ran-
dom maps can also be applied to discrete dynamical networks, RBN and CA.
The method depends on �rst constructing an exhaustive mapping Qn

2 ! Qn
2 .

For discrete dynamical networks, the mapping is de�ned by iterating the net-
work forward by onestep from every state in state-spaceand �lling in the image
list accordingly. A list of 2n pairs, each state and its image(successor),is held in
a data structure. The pre-imagesof an arbitrary state S are found by scanning
the imagelist; any occurrenceof S in the list givesa pre-image,the state paired
with S. If S does not occur in the list it has no pre-images,a garden-of-Eden
state.

10 Biological net works

Genetic regulatory networks have been thought of as discrete dynamical net-
works, to explain how geneexpressionis able to settle into a number of distinct
stable patterns or cell types, despite the fact that all eukaryotic cells in an or-
ganismcarry an identical set of genes[5, 7, 11, 23]. The geneexpressionpattern
of a cell needsto be stable but also adaptable. Section 4 described biasesto
RBN to achieve such a balance,and related measures.

Cell types have been interpreted as the separateattractors or basins of at-
traction into which network dynamics settles from various initial states. Tra-
jectories leading to attractors are seenas the pathways of di�eren tiation. The
attractor basinsin RBN areidealizedmodelsfor the stabilit y of cell typesagainst
mutations, and alsoperturbations of the current state of geneactivation. Figure
21 illustrates both e�ects. If a particular referencestate (pattern of geneacti-
vation) undergoes a 1 bit perturbation, the dynamics may return to the same
subtree, the samebasin, or it may be 
ipp ed to another basin, a di�eren t cell
type. In this casethe basin of attraction �eld remainsunchanged. Alternativ ely,
the network itself my undergo a mutation (in the genotype), resulting in an an
altered basin of attraction �eld (the phenotype).

The examplesin �gure 21 are small so that the pattern at each node can
be shown. Larger networks are a�ected in analogousways. The consequences
of a one bit mutation has a relatively smaller e�ect with increasing network
size. However, a particular one bit mutation may causedrastic consequences
whatever the size, such as breaking an attractor cycle. The consequencesof
moving a connection wire is usually greater than a one bit mutation in a rule.

10.1 Memory

Attractors classify state-spaceinto broad categories,the network's \content ad-
dressable"memory in the senseof Hop�eld[6]. Furthermore, state-spaceis cate-
gorizedalong transients, by the root of each subtree forming a hierarchy of sub-
categories.This notion of memory far from the equilibrium condition of attrac-
tors greatly extendsthe classicalconceptof memory by attractors alone[17, 20].
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It can be argued that in biological networks such as neural networks in the
brain or networks of genesregulating the di�eren tiation and adaptive behavior
of cells,attractor basinsand subtrees,the network's memory, must be just right
for e�ectiv e categorization. The dynamics need to be su�cien tly versatile for
adaptive behavior but short of chaotic to ensurereliable behavior, and this in
turn implies a balancebetweenorder and chaos in the network.

A current research topic, known as the \in verseproblem", is to �nd ways to
deducenetwork architecture from usually incomplete data on transitions, such
as a tra jectory. This is signi�can t in genetics, to infer the genetic regulatory
network (modeled asRBN) from data on successive patterns of geneexpression
in the developing embryo[12]. In pattern recognition and similar applications
in the area of arti�cial neural networks, solutions to the inverseproblem would
provide \learning" methods for RBN to make useful categories[17, 20].

el. wiring rule

5 2,4,5 62
4 5,0,1 61
3 4,3,5 108
2 2,5,0 5
1 4,2,1 64
0 3,1,2 231

Figure 21: The basin
of attraction �eld of (a)
The RBN (n=6, k=3)
as de�ned in the ta-
ble (above), and (b) the
RBN following a 1 bit
mutation to one of its
rules. Some di�erences
in the �elds are evident.
The result or a 1 bit per-
turbation to a reference
state of all 1s (rs) is in-
dicated by its 1 bit mu-
tants (m).

11 Conclusion

Important insights may be gained by consideringnetwork dynamics in the con-
text of attractor basins. Somemethods of achieving this have been presented,
including parameters and measureson particular tra jectories that may be re-
lated to those on global dynamics. It is hoped that thesemethods may provide
a basis for future research, both in theory and applications, in the many areas
of complex systemswhere network dynamics plays a central role.
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